The average spectrum and energy spectrum of the short-exposure image intensity are evaluated for the case of an object illuminated by a monochromatic plane wave and viewed through atmospheric turbulence, assuming a complex Gaussian model for the turbulence. In general, the average image energy spectrum contains diffractionlimited information about the complex amplitude reflectivity of the object, but, unlike in the case of incoherent imaging, it is generally not possible to extract this information in a straightforward manner. This is illustrated by a computer simulation example of imaging a double-point object in incoherent and coherent illumination. When the object is optically rough and it is physically possible to average over an object ensemble (e.g., the object rotates slightly), then the image energy spectrum is more simply related to the object energy spectrum. The possibilities for diffraction-limited object reconstruction are discussed, and it is pointed out that the image bispectrum does not provide diffraction-limited imaging, in contrast to the case of incoherent imaging.
INTRODUCTION
There is an extensive literature on the imaging of self-luminous or incoherently illuminated objects through turbulence. In particular, the invention by Labeyrie' of the technique of astronomical speckle interferometry demonstrated that it is possible to obtain diffraction-limited information from short-exposure images. References 2 and 3 describe the basic theory of speckle interferometry and related techniques such as triple correlation and bispectrum imaging. [4] [5] [6] [7] In contrast, relatively little research appears to have been carried out on the imaging of coherently illuminated objects through turbulence. In this case it is necessary to specify precisely the mode of illumination: this may be direct (e.g., by a plane or spherical wave) or indirect (e.g., by illumination through either the same or different turbulence). Some work has been done on the scattering of light by a diffuse object illuminated through turbulence, 8 which gives rise to a form of speckled speckle. The most general study is that of Fante, 9 who evaluates the average image intensity and its variance for illumination of arbitrary spatial coherence. Vildanov et al.1 0 describe an experiment on the imaging of a coherently illuminated object through turbulence for the case in which there is a point source next to the object. Kravtsov and Saichev1- 3 and Jakeman et al. 4 "1 5 examine the average image intensity for the case when the viewing is through the same turbulence as the illumination: in this case there may be a degree of partial wave-front reversal if the object contains specularly reflecting areas. There is also a growing interest in correlography, i.e., in using intensity correlations in the pupil plane to determine object structure.
The overall aim of the present study is to determine whether it is possible to obtain diffraction-limited information, preferably in the form of an estimate of the object map, for coherently illuminated objects viewed through atmospheric turbulence by using image-plane detection methods analogous (but not necessarily identical) to those used for the incoherent case. We take the basic data to be shortexposure (approximately 10-msec integration time) image intensities and evaluate the average Fourier transform and energy spectrum of these data. These averages are found over two ensembles-those of the atmospheric turbulence and of the object. The latter ensemble arises if the object is optically rough and thus generates a speckle pattern that may sweep across the detection aperture owing to slight object rotation. The results for the average Fourier transform of the image intensity agree with special cases of the general analysis by Fante 9 ; the energy spectrum and bispectrum results have not been presented elsewhere. Figure 1 shows the basic geometry and coordinate notation. A number of simplifying assumptions are made in the following analysis: The object is assumed to be illuminated normally by a unit amplitude monochromatic plane wave (any obliquity effects are ignored). Isoplanatic imaging is assumed; the telescope is assumed to be diffraction limited. The most important assumption relates to the statistics of the complex amplitude of light at the pupil plane due to a point scatterer in the object: it is taken to be a complex Gaussian process. Using the complex Gaussian model greatly simplifies the mathematical analysis since it allows higher-order moments to be expressed as sums of products of second-order moments. It has been used extensively for the imaging of self-luminous or incoherently illuminated objects through turbulence and has been shown to include all the essential physics of the imaging process. 2 20 When an ensemble of object statistics is considered, it is assumed.that the spectrum of the object amplitude is also a complex Gaussian process-this implies that the object is rough compared with the optical wavelength and thus gives rise to the usual Gaussian speckle pattern. 2 1 In Section 2 a review of the principal results for the incoherent imaging case is given; this is quite detailed, since the analysis for the coherent case uses the same methodology, where HA(u) is the Fourier transform of hA(x) and is the pupil function of the atmosphere-plus-telescope systemstrictly speaking, the pupil function depends on distance t in the pupil, but for notational convenience it is written as a function of the angular frequency variable u = /X.
It can be shown 2 2 that the Fourier transform of the coherent PSF of the telescope is the pupil function Ho(u). Since a point source is now imaged through the atmosphere, one has to use a new pupil function, namely,
and it is important to understand the similarities and differences between the two cases. In Section 3 we evaluate the average image intensity, its Fourier transform, and the average energy spectrum for the coherent case for which the average is taken over the atmospheric statistics. In Section 4 these results are extended to the case when the averages are also taken over the object statistics. In Section 5 a computer simulation example of imaging a double-point source in incoherent and coherent illumination is presented, to illustrate the analytical results. The prospects for diffraction-limited imaging of objects illuminated by a coherent plane wave are discussed in Section 5. Using the concept of closure phase, we show that, in contrast to the incoherent case, the bispectrum of the image intensity for coherent imaging will not yield a diffraction-limited image.
REVIEW OF INCOHERENT ISOPLANATIC IMAGING THROUGH TURBULENCE
Although the analysis of coherent imaging is not so straightforward as that of incoherent imaging through turbulence, the methods used in the incoherent case form the basis of those in the coherent case. It is therefore useful to summarize the most important aspects of incoherent imaging through turbulence.
A. The Average Image
Isoplanatic incoherent imaging is governed by the following equation 2 2 :
where o(x) and i(x) are the object and image intensities, respectively, hA(x) is the instantaneous amplitude pointspread function (PSF), represents convolution, and x is a two-dimensional angular coordinate.
To investigate the effect of imaging through turbulence, one has to evaluate the optical transfer function of the composite atmospheric-imaging system. The normalized optical transfer function of the system is 2 2 where A(u) is the complex amplitude just before the telescope pupil plane due to a point source and again is written as a function of the angular frequency variable u. Combin- (2.A.4) where Ca is the normalized autocorrelation function of the atmospheric turbulence and T(u) is the optical transfer function of the imaging system. Equation (2.A.4) shows that the atmospheric turbulence plays the role of a low-pass filter. The particular properties of Ca(u) can be found in the work of Korff 
and the long-exposure image is, in Fourier space,
or in real space,
where c(x) is the long-exposure PSF of the atmosphere alone [i.e., the inverse Fourier transform of Eq. (2.A.5)] and iDL(X) is the intensity of the incoherent, diffraction-limited image in the absence of the atmosphere.
B. The Average Energy Spectrum
In speckle interferometry one evaluates the average energy spectrum given by (II(U)12). In this case,
The fourth-order moment in Eq. (2.B.1) can be simplified by using various assumptions for the statistics A(u). Because in this paper A(u) is taken to be complex Gaussian for the coherent imaging case, the same property for A(u) will be used here for the incoherent case. By using the complex Gaussian assumption, the fourth- 
Following the manipulation shown in Ref. 
COHERENT IMAGING: AVERAGE OVER THE ATMOSPHERIC STATISTICS
A. The Average Image Coherent isoplanatic imaging is governed by the equation
where A(x) and OA(x) denote the complex amplitude of the image and the object, respectively. Image intensity is the measurable quantity, and, taking the long-exposure average, 
where * denotes an autocorrelation integral, or, if the integral is written explicitly, where ca(x) is the long-exposure intensity PSF of the atmosphere and iA,DL(x)2 is the intensity of the coherent, diffraction-limited image in the absence of the atmosphere. There are some conclusions that can be drawn from Eqs. with Eq. (3.A.6b) shows that the atmospheric-intensity PSF ca(x) acts on the incoherent and coherent diffraction-limited image intensities, respectively. As in the case of incoherent imaging, the atmosphere limits resolution of the average image in the coherent case.
Following the incoherent imaging methodology, to overcome the filtering effect of the atmosphere one can investigate the utility of speckle imaging techniques.
B. The Average Energy Spectrum
The average energy spectrum of the image intensity is found, The fourth-order moment of a random complex Gaussian variable can be reexpressed by using Eq. That is, as in incoherent speckle interferometry, there is a term equal to the squared modulus of the Fourier transform of the long-exposure image intensity, although in this case it is the coherent image intensity.
To simplify I2 we make the substitution u = 1 -u 2 .
Then Eq. (3.B.7)
Clearly, in this limit, I2 and hence the average energy spectrum of the image (II(U)12) contain diffraction-limited information about the object. However, this information is limited to the modulus of the Fourier spectrum-furthermore, this modulus appears in an autocorrelation in Eq. IA,DL(U2 + u), the weighting factor being ICa(u)12. Thus, in the general case, Eqs. (3.B.5) and (3.B.6), the average image energy spectrum does contain information on the diffraction-limited image spectrum and in principle it should be possible to recover the diffraction-limited image amplitude from this information. In Section 5 we show by means of a computer simulation that diffraction-limited information of the Fourier modulus is present in the image energy spectrum, although, as stated in Eq. (3.B.5), it is not easily possible to extract a quantitative value for it.
COHERENT IMAGING: DOUBLE AVERAGING
A. The Average Image Until now we have assumed a stationary, deterministic object in space. In this section it is assumed that the surface of the object is randomly rough compared with the wavelength (i.e., the object complex amplitude is a statistical function) and that it is possible to average the energy spectrum of the image intensity over the object ensemble (e.g., because the object rotates slowly in time). Performing this average, we find that Eq. where ( ... ), denotes the average over the object ensemble and is assumed to be statistically independent of the atmospheric ensemble. Rearranging gives where ho(x)12 is the intensity PSF of the optical system. When this is compared with Eq. (2.A.8) it can be seen that the average image intensity is equal to that given by incoherent imaging.
B. The Average Energy Spectrum
Performing the average over the object statistics on Eq. Provided that the surface of the object is randomly rough compared with the wavelength, the spectrum of the object amplitude, OA(U), will also be complex Gaussian, and thus
Equation (4.B.1) can then be split into four parts: Therefore as a final expression we have The third term is simply the energy spectrum of the average intensity of the object modulated by the diffraction-limited transfer function of the optical system (for an unapodized pupil). In real space it is proportional to
((II(u)I2)a)o = I((I(U))a)o)J2
From the two expressions above it is clear that there is a term equal to that obtained in incoherent imaging. However, there are three additional terms, in contrast to the single additional term of incoherent imaging. These arise because, in the coherent case, the average over the object ensemble is carried out after the detection of the short-exposure data. For quantitative evaluation of the energy spectrum of the object, it would be desirable that the second and fourth terms in Eq. (4.B.3) be small. However, these terms are both object dependent, as can be seen from the expressions for y, and Y3, and in general these terms are not small. The problem of extracting a quantitative estimate of the energy spectrum of the object is therefore difficult.
In the limiting case of
Eq. (4.B.3) takes the form
If the object is a point source, then (4.B.5) object in which each point was equally bright. The procedure for incoherent imaging was identical to that described in Ref. 6 , whereas for the coherent case the program was modified as required. In each case, the simulation was appropriate to visible light and D/r 0 = 10; 1000 frames each with 2000 detected photons per frame were used. In brief, the simulation involved (a) calculating a single short-exposure image intensity, (b) generating photon events, (c) computing the energy spectrum (free of photon noise bias), and (d) repeating steps (a)-(c) for 1000 images. The whole procedure was then repeated for a point source (to get the speckle transfer function) and carried out for both incoherent and coherent imaging. For the coherent case, the phase difference between the two points of the object was 7r/2. The results are shown in Fig. 2 for the incoherent case and where (II(U)12) is the average energy spectrum of a point source for incoherent imaging. This is the expected result, the factor of 2 being due to the assumption of Gaussian statistics of the point source.
AN EXAMPLE: DOUBLE-POINT OBJECT
It is difficult to interpret physically the results derived in Sections 3 and 4 because of the inherent nonlinearity between object amplitude and image intensity in coherent imaging; this is compounded by the fact that we are evaluating the energy spectrum of the image intensity, and the overall result is that there is no simple transfer function for energy spectra, as there is in the incoherent case.
To gain some insight into the analytical results, a Monte Carlo computer simulation of incoherent and coherent imaging through a phase screen was carried out for a double-point trum by that for the point source (although, of course is no linear transfer function in this case), and the re displayed pictorially in the upper part of Fig. 3 . fringes are visible, verifying the analytical result (3.B.5) that diffraction-limited resolution is obt However, as is shown in the lower part of Fig. 3 , the I are no longer of unit contrast and are modulated as tion of frequency; this is because there is no transfer tion of energy spectra for the coherent case.
DISCUSSION
Atmospheric turbulence degrades the long-exposure image of an object illuminated by a spatially coherent plane wave in the same way as for the incoherent or self-luminous case.
An optical transfer function of the atmospheric degradation exists and is equal to C 0 (u) in all cases. This transfer function acts on the Fourier transform of the diffraction-limited image intensity, this intensity being that of the coherent image for coherent illumination (no object averaging) and that of the incoherent image for incoherent illumination and coherent illumination with object averaging.
An important characteristic of coherent imaging is that the frequency pecti'um of the image intengity I(u) i expressed as the autocorrelation of the frequency spectrum of the image amplitude IA(u). This means that, for the coherent case, imaging through the pupil plane is literally an interferometric process. In the case of the average energy spectrum this is evident with the appearance of a fourthorder interference integral between IA,DL(u) at different positions. Thus the average energy spectrum contains diffraction-limited information about O(u) for the coherent imaging case, in contrast to the incoherent case, in which the overall result of interference is lO(u)12, the energy spectrum.
The problem is that this information is contained in a weighted integral expression, and that makes information retrieval nontrivial.
In the double-average case with coherent illumination, there is a close connection with the results for an incoherent or self-luminous object. Using the concept of a pseudothermal source, 26 one can model an incoherent object as an ensemble of randomly phased coherent objects, identical to those considered in the double-averaging case. However, in the incoherent case one averages before detection, whereas in the double-averaging coherent case one averages after detection. This makes no difference to the average image spectrum [i.e., Eq. (4.B.2a) exactly equals Eq. (2.A.7)] but does affect higher moments such as the energy spectrum.
Since the average of the square of a random variable is always greater than or equal to the square of the average, it follows that Eq. an analytical evaluation of the average image bispectrum can be done for both single and double averaging, but the expressions are complicated and difficult to interpret physically. However, by using the phase closure viewpoint of the bispectrum 2 7 it can be shown that the average bispectrum of the image intensity for the coherent case does not contain the required Fourier phase information.
As was stressed recently by Cornwall et al. 2 8 in another context, phase closure imaging in the presence of aberrations depends on the fact that the coherence function being measured is a function only of coordinate differences in the pupil plane. For a spatially incoherent object, the van CittertZernicke theorem guarantees that the coherence function will have such a dependance. But, for a spatially coherent object, the coherence function in the pupil is a separable function, and therefore phase closure cannot distinguish the Fourier phase of the object from the aberrations. Figure 4 illustrates this point for the computer simulation example described in Section 5. The upper part of Fig. 4 shows the Fourier phase of the incoherent double-point object reconstructed from the average image bispectrum by using standard techniques 46 ; the regions of r phase difference are clearly visible (the noise at higher frequencies is present because of the finite number of photons per frame and number of frames used in the simulation). The lower part of Fig.   4 shows an attempt to reconstruct the Fourier phase for the coherent case; there is no Fourier phase information, as predicted by the phase closure argument.
